An aeroelastic solver is developed using a Nonlinear Frequency Domain (NLFD) flow solver coupled to a plate-bending finite-element linear structural solver. A methodology for determining the flow conditions leading to flutter and Limit Cycle Oscillations (LCO) is proposed, based on a root-finding Newton-Raphson iterative method. The novelty of the approach lies in the constant size of the Newton-Raphson system of equations, regardless of the complexity of the structural model. The approach is validated against existing experimental and numerical data on the aeroelastic behavior of the AGARD I.-Wing Weakened Model 3 in transonic flow. The proposed method is expected to perform LCO computations an order of magnitude faster than a typical aeroelastic time-marching approach.
Introduction
The accurate assessment of nonlinear behavior of aircraft components, such as Limit Cycle Oscillations (LCO), is essential to the production of safe designs. Indeed, detrimental nonlinearities in aeroelastic solutions enable the apparition of instabilities at flight speeds lower than the flutter speed calculated via a linear stability analysis. If not considered the design loop, nonlinearities can lead to a dramatic reduction of flutter-speed-based safety margins. However, the computation of flow nonlinearities is known to be computationnaly costly, since it requires the employment of a fully nonlinear flow solver. This has been the motivation for the development of aeroelastic frequency-domain methods that can handle flow nonlinearities. Among others, Thomas et al. [1] [2] [3] employed the Harmonic Balance (HB) technique [4] for the computation of two-dimensional (2D) and three-dimensional (3D) aeroelastic solutions using a linear modal structural solver and a Newton-Raphson approach for the assessment of LCO, whereas Kachra and Nadarajah [5] used the Nonlinear Frequency Domain (NLFD) method [6] coupled to a temporally nonlinear structural solver to compute the flutter boundary of a 2D airfoil. However, there still exists room for improvement in the computation of 3D aeroelastic solutions with a linear structural solver, since the cost of the method proposed by Thomas et al. is dependent on the number of mode shapes employed in the structural solver. Effectively, 2N m equations are employed in the Newton-Raphson technique, where N m is the number of mode shapes used by the structural solver. In addition, the need for a convergence analysis of the solution with respect to N m renders the method more costly, considering the typical need for a spatial and temporal accuracy study. For those reasons, a new approach for the calculation of aeroelastic solutions using the NLFD is proposed in the present work. The structure is modelled by a classical plate-bending finite-element model, and the employed Newton-Raphson technique for the determination of LCO conditions is unconditionally of size 2 × 2. The proposed method is validated against the AGARD I.-Wing 445.6 Weakened Model 3 experimental test case, with the computation of flutter and LCO conditions for the wing.
Governing Equations, Discretization, and Mesh Deformation

Euler Equations in Semi-Discrete Form
The Euler equations in integral form for a control volume Ω of boundary ∂Ω and surface element dS are as follows,
where w is the state vector and F c is the convective flux vector. They are defined respectively, in ALE formulation [7, 8] , as:
where ρ, u, v, w, E, H and p represent the density, cartesian velocity components, total energy per unit mass, total enthalpy per unit mass, and pressure, respectively. Pressure is evaluated through the equation of state for ideal gases,
and total enthalpy is expressed as follows:
Also, n x , n y and n z are the components of the outward facing unit normal vector of surface ∂Ω. V r is the contravariant velocity of the flow relative to the motion of the grid, and V t is the contravariant velocity of the face of the control volume. Those velocities can be expressed as [8] :
Equation (1) is rewritten for a discretized control volume Ω as follows,
where F d is the artificial dissipation flux vector. In the present work, the convective fluxes are computed via a second-order central scheme, whereas artificial dissipation is based on the CUSP scheme [10] . The convective flux vector is evaluated at each cell interface by averaging the fluxes from the adjacent cell centers. The above set of equations can be applied to the discrete control volumes to yield a set of semidiscrete ordinary differential equations, given by:
where the residual R(w) is obtained by the summation of the fluxes through the faces of the control volume.
Nonlinear Frequency Domain Method for Deforming Grids
The NLFD method is based on the assumption that the flow variables can be represented using their respective Fourier series, hence that the flow behavior is periodically repeated over time for each control volume. According to that assumption,w = Ωw and R(w) can be substituted by their corresponding Fourier series representations [11, 12] :w
where i = √ −1, N is the number of modes (or harmonics) used to represent the solution, k is the wave number, T is the time period, andŵ k andR k are the k th Fourier coefficients of the state vector and the residual, respectively. The number of harmonics or modes is related to the number of sampled time steps per period by the relation N = N ts − 1 2 for an odd number of time steps N ts . It should be noted that, for the NLFD method applied to deforming grids, the above change of variablesw = Ωw is important in order to account for the time-dependency of the cell volumes, Ω = Ω(t). The new formulation for the state vector and residual are then substituted into equation (4), leading to:
in each control volume Ω. It is important to note that the Fourier coefficients of real vectors are symmetric; the coefficients for negative wave numbers are only the complex conjugates of their positive counterpart. Their computation can therefore be omitted from the total computational cost of the solution, reducing the computed modes to the [0, N ] interval. Due to the orthogonality of the Fourier basis functions, the above equation can be rewritten by evaluating the time derivative separately for each wave number, leading to:
As there is no direct representation ofR k as a function ofŵ k , a pseudo-time marching approach has to be used in order to solve equation (7), which yields:
Advancing pseudotime t * , convergence is achieved and dŵ k dt * = 0 andR * k = 0 are obtained, as expected. Then, the solution in the time domain is recovered by applying an inverse Fourier transform to the coefficients vectorŵ and dividing it by the cell volume, such that w(t) =w (t) Ω(t) for each control volume. In the present work, an explicit five-stage Runge-Kutta method [9] is employed to advance equation (8) in time and achieve convergence. Local time-stepping, implicit residual smoothing and multigrid strategies are employed to accelerate convergence. Characteristic-based far-field boundary conditions using Riemann invariants are used, and a linear pressure extrapolation is employed at solid wall boundaries.
Dynamic Mesh Deformation
In order to accurately model complex body deformation such as bending and twisting, a deformable grid framework is employed. The mesh deformation is performed using Radial Basis Functions (RBF), as first demonstrated by de Boer et al. [13] . The method suggests that the displacement of all grid points may be represented as a function of their distance to RBF points, of which displacement during deformation is known a priori. The displacement of an arbitrary grid point during deformation is first defined as
where N rp is the number of RBF points, α i are the interpolating coefficients, and x i is the initial position of RBF point i. φ is the basis function and depends on x − x i 2 , the distance between points x and x i in the undeformed grid. Wendland's C0 basis function [14] is considered and is defined as:
where R is the support radius with respect to the moving surface, within which the mesh is deformed.
Regrouping the displacements of all RBF points in vector ∆x r and the displacements of all volume points, of which displacements are a priori unknown, in vector ∆x v , equation (9) is rewritten in matrix form as follows,
where
with φ r 1 r 2 = φ x r 1 − x r 2 2 R and N vp being the total number of volume points. The mesh velocities, required by equation (2), are readily calculated by differentiation of equation (9) with respect to time, as demonstrated by Tardif and Nadarajah [15] . The volume-point velocities are therefore evaluated based on the velocities of the RBF points, as follows,
where v r and v v regroup respectively the velocities of the RBF and volume points. Since the employed flow solver handles multiblock grids, the mesh deformation is performed in two steps, as proposed by Walther [16] . First, the block faces are deformed using the body points as RBF points. Second, the interior points of the blocks are moved using the points on the block faces as RBF points.
Aeroelastic Framework
Since the NLFD method only allows for the calculation of periodic solutions in time, the present work focuses on the modelization of periodic aeroelastic solutions, such as LCO. Indeed, the objective is to determine the flow conditions at which LCO occur, and obtain the corresponding fluid-structure solution.
To do so, the following sections describe the employed structural solver, the fluid-structure coupling method, and the LCO-determination technique.
Structural Solver
For an undamped system, the spatially linearized and discretized equations of motion are as follows,
where [M] and [K] are respectively the mass and stiffness matrices, Q is the discrete displacement vector, and P is the exciting force vector, represented in this work by the aerodynamic loads vector. The temporal discretization of the equations of motion is based on the work of Kachra and Nadarajah [5] , such that the displacement and force vectors are substituted by their respective Fourier representation using N s harmonics, as follows,
It is important to note that, in this work, the number of harmonics employed for the discretization of the structural equations of motion, N s , is lower than the number of harmonics employed in the computation of the solution, expressed by N in equation (5) . Differentiating equation (15) twice with respect to time, the acceleration vector is obtained asQ
After substituting equations (15) to (17) in equation (14) and taking advantage of the orthogonality of the Fourier series, a system of 2N s + 1 equations is obtained, each corresponding to a wave number k, such that:
Since the multiplicative coefficient ofQ k in equation (18) is constant, the equation consists in a linear system of equations for each wave number, and can be solved easily in order to evaluate the displacements engendered by the exciting forces. In this work, a temporally linear structural solver is employed, such that N s = 1, which yields a solver similar to the work of Thomas et al. [1] [2] [3] . In this work, the mass and stiffness matrices are obtained via a plate-bending finite-element representation of the body, as detailed in references [17] and [18] .
Fluid-Structure Coupling
In order to initiate the motion, an initial oscillation of the same shape as the first structural mode shape is prescribed to the wing at a frequency corresponding to the experimental flutter frequency. Then, the fluidstructure coupling is performed every 50 multigrid cycles of the flow solver. At that point, the first N s harmonics of the aerodynamic loads calculated by the flow solver are transferred to the structural solver, whereas the higher harmonics (N > N s ) are simply dropped during the transfer. Although this prevents the higher harmonics of the flow solution to be considered for the computation of structural displacements, the lower harmonics of the loads still model the nonlinear properties of the flow, since they were computed using a higher number of modes, as explained by Ekici and Hall [19] . The 2N s + 1 structural equations of motions are then solved, and the displacements are transferred back to the flow solver by imposing a null value to the higher harmonics of the displacements. For the interpolation of the aerodynamic loads from the fluid mesh to the structural mesh, the loads are considered to be acting through the cell face centres, and the nodal forces of the corresponding structural element are computed using the elemental shape functions. The interpolation of the body displacements from the structural to the fluid mesh are performed similarly, by calculating the displacement of all fluid mesh body points based on the shape functions of the associated structural elements.
Methodology for the Determination of Limit Cycle Oscillations
The objective of the method is to determine the flow conditions leading to LCO for a specific Mach number. Since periodic aeroelastic oscillations are characterized both by a frequency and an air speed, the independent variables are chosen to be the reduced frequency and speed index, which are only non-dimensional representations of the frequency and air speed. For a three-dimensional wing, they are defined as
where ω is the angular frequency of the motion (or, equivalently, of the flow), c is the reference chord, V ∞ is the modulus of the free-stream velocity, b is half the reference chord, ω α is the angular frequency of the first torsional mode of the wing, andμ is the mass ratio of the wing, defined as
In this equation,m is the total mass of the wing, ρ b is the density of the wing material, and Ω frus is the volume of the conical frustum having the streamwise root chord of the wing as lower-base diameter, the streamwise tip chord as upper-base diameter, and the wing span as height. By definition of a periodic LCO, there should exist no change in the amplitude nor in the phase lag of the first mode of the lift coefficient between two successive time periods. This translates into the requirement that the real and imaginary parts of the first mode of the lift coefficient be constant from period to period in order to produce a periodic LCO. Therefore, φ 1 and φ 2 are defined as the change in these two parameters over M p successive periods, such that
where index m denotes the period at which the lift coefficient is computed. If M p = 1, φ 1 and φ 2 represent the difference in the real and imaginary parts of the first mode of the lift coefficient between two successive periods. However, M p > 1 is sometimes required to ensure a better fluid-structure coupling in the proposed method. In order to obtain an LCO, ω r and V f therefore need to be modified such that φ 1 and φ 2 are equal to zero. This is accomplished using a root-finding Newton-Raphson technique, defined as
where the subscripts n and n + 1 denote the iteration number, α is a relaxation factor, and [J] is the Jacobian of the system, defined as
In this work, the Jacobian is evaluated using first-order forward finite-differencing. The value of ω r and V f are therefore updated iteratively during the fluid-structure coupling, in order to yield a constant lift coefficient from period to period, which represents LCO conditions. Since only two independent variables and two dependent variables are employed in this Newton-Raphson method, the size of the system is always 2 × 2. Since the amplitude of the oscillations is difficult to evaluate due to the arbitrary deformation of the wing, a so-called LCO amplitude parameter is introduced as the average amplitude in root chord lengths of all vertical (transverse) displacements of the structural nodes, such that
with
where N nodes is the number of nodes in the structural model, c is the reference chord, and Q 1,y i is the Fourier coefficient of the first mode of the vertical displacement of node i. The amplitude of the observed LCO can therefore be described by this amplitude parameter δ.
Results
Aeroelastic results were obtained for the three-dimensional AGARD I.-Wing 445.6 Weakened Model 3, described by Yates [20] . Detailed flow conditions for the experimental runs are described in reference [21] . The test case consists of a cantilever wing subject to various Mach numbers, in each of which an experimental flutter speed and frequency has been assessed. The wing is characterized by a root chord of 1.833 ft, a taper ratio of 0.66, a semi-span of 2.5 ft and a quarter-chord sweep of 45 • . The streamwise wing section corresponds to a NACA 65A004 airfoil. In this work, the flow solver mesh consisted of a 12-block grid, of Figure 1 . The properties of the material constituting the wing were modified in order for the structural solver to match the first two experimental natural frequencies. The first four natural frequencies are listed in Table 1 along with the experimental values and the numerical results obtained by Yates [20] . In order to first obtain the flutter boundary of the wing, the flow and structural solvers were employed using only 1 harmonic (N = N s = 1), and the initial forced oscillation of the wing was prescribed using δ = 3.77 × 10 −5 , such that the nonlinearities in the flow and structure were negligible. As an indication, δ = 3.77 × 10 −5 represents a vertical displacement of the wingtip trailing edge of around 0.0007 root chords for the first mode shape of the wing. Solutions were obtained at Mach numbers M = 0.499, 0.678, 0.901, 0.960, and 1.072, and the mass ratiosμ were set to their experimental value [21] . The speed index and reduced frequency of the initial forced oscillation were set to their experimental value, except at M = 1.072, where the initial speed index was increased to prevent the solution to fail. The number of periods employed for the definition of φ 1 and φ 2 in the Newton-Raphson method were set to M p = 1 for all Mach numbers. The obtained flutter boundary for the speed index V f and the frequency ratio ω ωα are shown in Figure 2 , where they are compared to the work of Thomas et al. [22] and to experimental results [21] . It can be seen that the results agree well with the experimental data for subsonic Mach numbers, but a large discrepancy can be observed at M = 1.072. The same trends are observed in the work of Thomas et al., and a similar behavior has been observed in previous work [23, 24] using an inviscid flow solver. This divergence from [22] , and Experimental [21] experimental values is still poorly understood by researchers, and could be related to uncertainties in the flutter test procedure, such as wall interference, for example [25] . Nonlinear aeroelastic solutions were also obtained in a similar fashion to flutter results, however using two harmonics for the computation of the flow solution (N = 2). Higher amplitudes were imposed for the initial forced oscillation in order for the resulting steady-state LCO solutions to be also of higher amplitude. The amplitude of the initial oscillations were set such that δ × 10 5 = 3.8, 75.4, 150.8, 226.2, and 301.6, for Mach numbers M = 0.678, 0.901, 0.960, and 1.072. The amplitude of oscillations as a function of speed index and reduced frequency for these Mach numbers is depicted on Figure 3 . It is seen that the aeroelastic behavior of the wing is almost linear since the curves for each Mach number are almost vertical. This result was expected since the thickness of the wing is so small that there is no shock forming on its surface, except at M = 0.96, where there is a very weak shock. Therefore, nonlinearties in the flow solution are quasinonexistent. Moreover, all observed LCO are characterized by a very small amplitude, therefore reducing furthermore the effect of nonlinearities. Deviation from this linear behavior would probably be observed more clearly at higher amplitudes, as it is the case in the work of Thomas et al. [3] . However, it can be observed that the beginning of a nonlinear behavior is captured at M = 1.072, where the curves deviate slightly to the right. It can therefore be assumed that the current method can model nonlinear aeroelastic behavior. Figure 4(a) shows the convergence of the flow solution residuals during the Newton-Raphson procedure. The jumps in the solution residuals are caused by the fluid-structure coupling, which modifies the displacement and the velocity of the wing between each period, especially when the speed index and reduced frequency are updated by the Newton-Raphson technique. Figure 4 (b) depicts the time history of the lift coefficient, which shows the convergence of the Newton-Raphson method since, at first, the lift coefficient solution differs from one period to the next, whereas it has reached a constant steady state at the end. 
Conclusions
An aeroelastic solver was developed using a Nonlinear Frequency Domain method coupled to a platebending finite-element model. A method was proposed for the determination of flow conditions (reduced frequency, speed index) at which limit cycle oscillations occur at a specific Mach number. The method was based on a root-finding Newton-Raphson technique consisting of two equations only, thus requiring the computation of only two forward finite differences for the evaluation of the Jacobian. The ability of the method to model linear (flutter) and nonlinear (limit cycle oscillations) aeroelastic behavior for the AGARD I.-Wing 445.6 Weakened Model 3 was demonstrated. Based on previous work, and accounting for the number of periods required for the Newton-Raphson method, the number of time instances per period, the cost of the Fast Fourier Transforms, and the elimination of the initial transients, the proposed method is expected to compute LCO conditions an order of magnitude faster than a typical aeroelastic time-marching technique. Future work includes calculating limit cycle oscillations of greater amplitudes using a viscous flow solver and employing a nonlinear structural solver (N s > 1) in order to model accurately the temporal nonlinearities of the structure.
